We propose an efficient stepwise adiabatic merging (SAM) method to generate many-body singlet states in antiferromagnetic spin-1 bosons in concatenated optical superlattices with isolated doublewell arrays, by adiabatically ramping up the double-well bias. With an appropriate choice of bias sweeping rate and magnetic field, the SAM protocol predicts a fidelity as high as 90% for a sixteenbody singlet state and even higher fidelities for smaller even-body singlet states. During their evolution, the spin-1 bosons exhibit interesting squeezing dynamics, manifested by an odd-even oscillation of the experimentally observable squeezing parameter. The generated many-body singlet states may find practical applications in precision measurement of magnetic field gradient and in quantum information processing.
I. INTRODUCTION
Many-body singlet state, theoretically predicted almost two decades ago, is the genuine quantum manybody ground state of an antiferromagnetic spin-1 BoseEinstein condensate (BEC) [1] [2] [3] [4] [5] . It has attracted much attention due to its potential applications in improving gradient magnetometer [6, 7] , in realizing robust quantum state in decoherence-free subspace [8] [9] [10] [11] , in understanding quantum magnetism in frustrated many-spin systems [12] [13] [14] , and in solving no-classical-solution problems in quantum information processing, such as Nstrangers, secret sharing, and liar detection [15] , etc. Nevertheless, due to the extremely strict requirement of an ultralow magnetic field in the order of microGauss, the many-body singlet state has yet been realized in experiments.
Much effort has been devoted experimentally to achieving an extremely weak magnetic field environment, which is a must to realize the quantum ground state of an antiferromagnetic spin-1 23 Na condensate. A remarkable advance has been made by Hirano's group, who suppressed their magnetic field within the range of 10 microGauss, using an active compensation technique in an expensive permalloy-metal-shielded room [6] . However, even in such an ultralow magnetic field, it is not clear whether a robust antiferromagnetic ground state, in the form of the quantum many-body singlet state, can be reached in realistic experimental time scale.
Inspired by the merging of a few spin-1 bosons in a double well [16] [17] [18] [19] , we propose in this work a stepwise adiabatic merging (SAM) protocol to generate the quantum many-body singlet state, by propagating adiabatically the antiferromagnetic spin-1 bosons in concatenated optical superlattices from an experimentally accessible initial state to the final (ground) quantum many-body singlet state. Briefly, we start with a Mott insulator * Corresponding email: wxzhang@whu.edu.cn state of spin-1 boson with single occupancy for each lattice site, with all the atoms optically pumped to the polar (i.e., |F = 1, m F = 0 ) state, then slowly merge the nearest two lattice sites adiabatically along x direction, and generate many two-body spin singlet states. Next, we merge again the adjacent two sites along y and z direction to obtain many eight-body singlet states. By further merging the next concatenation level optical lattice with longer wavelength, we obtain many sixty-four-body singlet states. For an L-level concatenation optical superlattices, the final singlet states are in principle 8 L -body. The limitation on this SAM protocol is mainly the total evolution time, which is limited by the bosons' lifetime. Such a limitation can be alleviated by optimizing the protocol in an appropriate magnetic field. While in numerical simulations, we are also constrained by the computational power to a system size of 16 bosons. In this method, the final probability of the sixteen-body singlet state generated through the SAM protocol is above 90% in our numerical simulations under current experimental conditions. The major advantage of our protocol is that it does not require an ultralow magnetic field, which is the limiting factor that prevents a direct realization of the many-body singlet state.
The paper is organized as follows. In Sec. II, we describe the system of antiferromagnetic spin-1 atoms trapped in a double-well unit and the SAM protocol to generate many-body singlet states. In Sec. III, we discuss in detail three key ingredients of the SAM protocol, including the bias sweeping range, the applied magnetic field, and the evolution of the separated SAM steps. In Sec. IV, we present a complete dynamical process to generate a sixteen-body singlet state with a fidelity as high as 90%. The experimental observable, the generalized spin-squeezing parameter, is also discussed in this section. The conclusions are given in Sec. V. More details about the Hamiltonian, the numerical calculation, the oscillation of the fidelity, and the robustness of the SAM protocol are discussed in the Appendixes.
II. HAMILTONIAN AND SAM PROTOCOL
We consider an ultracold dilute gas of bosonic atoms with hyperfine spin F = 1 trapped in a concatenated optical superlattice with isolated double-wells in an external magnetic field along z direction. Such a system is described exactly by the standard Bose-Habburd model with spin degrees of freedom [18, 20, 21] . Due to the conservation of the total particle number and total magnetic quantum number (setting as zero here), the linear Zeeman term does not affect the dynamics of the system, thus only the quadratic Zeeman effect is taken into account. The Hamiltonian is
The first term describes the tunneling between wells in a double-well unit where 2 (a 0 + 2a 2 )/(3M ) and c 2 = 4π 2 (a 2 − a 0 )/(3M ) with a 0,2 being respectively the s-wave scattering length of two colliding bosons with total angular momenta 0 and 2 [1] [2] [3] . The intrawell antiferromagnetic spin exchange interaction is described by U 2 > 0 term, wherê
is the total spin in the left (right) well with F σσ ′ being the standard spin-1 matrices. The term with ε is the bias between the left and right well. The quadratic Zeeman energy, H Z = q i=L,R (N i,+1 +N i,−1 ), is either for a magnetic field, q = q 0 B 2 with q 0 = 277 Hz/G 2 for 23 Na atoms [22] , or a negative quadratic Zeeman shift generated by a microwave driving field [23] [24] [25] [26] [27] .
The SAM protocol is a successive process, as shown in Fig. 1(a-c) . The system starts with a singly occupied polar state for antiferromagnetically interacting spin-1 bosons. By adiabatically ramping up the bias within each isolated double-well unit, say, along the x direction (from Fig. 1 (a) to (b)), two atoms are merged together in the lower well and form a two-body singlet state. Clearly, the only dynamical parameter is the bias in this merging process. Next, repeating the step along the y direction (from Fig. 1(b) to (c)), four atoms are merged in a lower well and a four-body singlet state is generated. Continuing this adiabatic merging again along the z direction, we obtain eight-body singlet states. Obviously, in order to generate larger than eight-body singlet states, a concatenated double-well optical superlattice with multiple light wave lengths is required by the SAM protocol.
III. THREE KEY INGREDIENTS
Before we present the complete evolution of the spin-1 bosons under the SAM protocol, let us discuss the three key ingredients separately. Firstly, we need to determine the sweeping range of the double-well bias for each SAM step. Such a range is determined by exploring the dependence of N R , the occupation number of the lower well which we refer as "right" well hereafter, on the double-well bias ε for the ground state of the Hamiltonian Eq. (A1). The results are shown in Fig. 2 for the merging of 2 ∼ 16 atoms. It can be seen that N R increases in steps of one as the bias increases. Such a single atom tunneling is due to the strong intrawell repulsion, U 0 ≫ J. This kind of behavior has been investigate in theory [28] [29] [30] and confirmed in experiment [16] . The atom number N R eventually reaches its maximum at a large bias ε f , thus the range is [0, ε f ]. The merge of larger number of atoms requires a larger bias range, roughly in a linearly increasing form. This in fact manifests the linear relation between the chemical potential and the number of atoms in a double well,
being the energy of the system in a balanced double well ε = 0.
Secondly, we determine the range of the magnetic field, in which the ground state is close to the expected initial state of each SAM step. According to the protocol, the ideal initial state |ψ E is the product state of the left and right well with exactly the same quantum state, e.g., a polar product state for total 2 atoms, a N/2-body singlet product state for N atoms, and so on. To evaluate the efficiency of preparing the initial state, we define a probability P 0 (ε, q) = | ψ G |ψ E | 2 where |ψ G is the ground state of the system at a finite bias ε and quadratic Zeeman energy q (U 0,2 and J are given).
We plot the probability P 0 in Fig. 3 . For N = 2 atoms, the probability P 0 increases as q increases in low bias |ε| region. Thus, the expected initial state ψ E can be prepared in a large magnetic field at zero (low) bias. For N > 2 and even number of atoms, the probability P 0 is high around the central region, i.e., low bias (ε) and low quadratic Zeeman energy (|q|) region. In order to generate a final many-body singlet state with a probability higher than 90% with the SAM protocol, we are limited   FIG. 3. (Color online.) (a) Polar product state probability, (b) two-body singlet product state probability, (c) four-body singlet product state probability, and (d) eight-body singlet product state probability in a double well. The white dashed lines mark the probability of 90%. Parameters are the same as in Fig. 1 . During the generation of a many-body singlet state, we choose a magnetic field and an initial bias within the region enclosed by the white dashed lines (P0 > 90%).
to choose a set of ε and q within the enclosed region marked by the white dashed line (where P 0 > 90%). As shown in the figure, the largest quadratic Zeeman energy on the white dashed line is q/U 2 = 0.64, 0.34, and 0.054 in the panels 3(b), 3(c), and 3(d), respectively. The enclosed region becomes smaller and smaller as N increases, indicating that the generation of larger many-body singlet states becomes more and more challenging [31] . This is the main reason why the many-body singlet state has not been observed experimentally though it has been predicted theoretically for almost two decades [2, 4, 5] .
Thirdly, we investigate the performance of the separated SAM steps for a fixed even number of atoms in a double well unit, by assuming an ideal initial state |ψ E [32] . During the evolution, we adiabatically ramp up the bias at a constant rate from zero to a final value ε f . The evolution of the system is monitored by two observables, the number of atoms in the right well N R and the fidelity F = | Ψ(t)|Ψ S | 2 with |Ψ(t) being the state vector at time t and |Ψ S = |N, S = 0, M S = 0 the targeted N -body singlet state.
We illustrate the evolution of the generation of the many-body singlet states according to the SAM protocol in Fig. 4 for atom number N = 2, 4, 8, and 16 at four chosen quadratic Zeeman energies. The fidelity increases sharply from zero to an almost constant at a time t c , which coincides with the time when the right well atoms N R approaches to the total number of atoms N [see Fig. 4(c) ]. The highest fidelity for each N is above 90% among the four selected quadratic Zeeman energy within an appropriate evolution time. From Fig. 4 , we also observe that the fidelity at the end of evolution exhibits oscillations with the increasing of the quadratic Zeeman energy, indicating the existence of an optimal magnetic field in a realistic experimental situation [27] .
IV. EFFICIENT GENERATION OF SINGLET STATES
Finally, to present a complete view, we carry out a continuous evolution process to efficiently generate a sixteenbody singlet state from a singly occupied polar state in a concatenated optical superlattice, according to the SAM protocol shown in Fig. 1 . The sweeping rate of the bias is a constant during each step. However, the sweeping rate is adjusted for different steps (see the lines in Fig. 1(d) ), in order to limit the total evolution time in an experimentally accessible regime. The total number of atoms of the generated singlet state is in principle doubled after the merging of each step of the SAM protocol. In our simulation, the initial state of the next step is manually set as the product of the final state in the lower well and its copy. Such an operation is nonunitary so that the total number of atoms N as well as the atoms in the lower well N R in fact decrease at this connecting point, as shown in Fig. 1(e) . However, the product state at the beginning of each SAM protocol is important to reduce the computational basis from an exponential increasing 3 N to a much slower way, see Table I in Appendix C. The fidelities of the many-body singlet state are presented in Fig. 1(f) . Clearly, the SAM protocol is efficient to produce the many-body singlet states with high fidelity. As a trend, the larger the size of the many-body singlet state, the lower the final fidelity. Such a decline of the fidelity is caused by two sources, the nonadiabaticity during the evolution and the atom loss between two adjacent SAM steps. The nonadiabaticity caused fidelity declination may be prevented by sweeping the bias with a slower rate or by employing nonlinear sweeping function, such as the shortcut to adiabatic passage [33] . The atom loss caused fidelity dropping can be improved by utilizing the experimental technique of postselection, i.e., we only take into account of the results having the number of atoms in the lower well N R exactly equal to 2 n (N R = 16 here). As shown in our calculation (Fig. 1(e,  f) ), the final sixteen-body singlet fidelity jumps from 77.5% to a value above 90% by employing the postselection method. Here, the parameters are U 0 /U 2 = 27.8 and J/U 2 = 0.694. The quadratic Zeeman energies are q/U 2 = 0.1108 (U 2 t < 28.6) and 0.0069 (U 2 t > 28.6) for the generation of two-body singlet state and the generation of other higher many-body singlet states, respectively. To simulate the magnetic field fluctuation which is inevitable in practice, we included a white noise with amplitude 1 mG and found that it has very small effect on the performance of our protocol [27] . To control the fluctuation of the magnetic field strength to within 1 mG is very much feasible in most labs. This clearly demonstrates that our protocol does not require an ultralow magnetic field strength on the order of microGauss.
It is a big challenge to directly detect the many-body singlet state fidelity in an antiferromagnetic spin-1 BEC experiment. To circumvent this obstacle, we propose to monitor the generation of the many-body singlet state with the generalized spin-squeezing parameter, which is used to estimate the entanglement level of a quantum state [34] [35] [36] [37] ,
whereŜ is the total spin angular moment, F = 1 and N the total number of atoms. A spin state is squeezed if ξ 2 < 1, compared to a coherent spin state with ξ 2 = 1. For a perfect many-body singlet state, obviously ξ 2 = 0 since S = 0 and S 2 = 0 [37] . As shown in Fig. 1(g) , the squeezing parameter decreases as time evolves and suddenly drops to a value below -10 dB during the first SAM step, manifesting the generation of the two-body singlet state. At the beginning of the second SAM step, the generalized squeezing parameter increases since the addition of the third atom breaks the many-body singlet state, due to the fact that a many-body singlet state requires an even N in identical spin-1 bosons [2] . Similar to the first SAM step, the second sudden dropping of the squeezing parameter indicates the production of the four-body singlet state. This odd-even oscillation of the squeezing parameter continues in the later SAM steps and offers an excellent experimental witness of the even-body spin singlets. This is in contrast to the usual detection of the number fluctuation of each component, which is large but changes little during the evolution [2, 5] . At the end of the fourth SAM step, the squeezing parameter is still below -10 dB, indicating a high efficiency of the generation of the sixteen-body singlet state.
The SAM protocol is practical to implement under current experimental conditions. In 23 Na spin-1 boson experiments, a typical value of U 2 is estimated as 50 Hz. The total evolution time is thus about 1.9 s in Fig. 1 (we set = 1 in our calculations). The qudratic Zeeman energies are 5.5 Hz for N = 2 and 0.35 Hz for later steps, which correspond to magnetic fields of 141.4 mG and 35.4 mG, respectively, which are easily accessible in current ultracold atomic gases experiments. Obviously, due to the conservation of the magnetization which cancels the linear Zeeman effect, the magnetic fields in the SAM protocols are much larger than the previous estimations of 10 −7 G where the global ground state is considered [4] .
V. CONCLUSION
In conclusion, we have proposed a stepwise adiabatic merging protocol to generate efficiently the long-sought many-body spin singlet state in antiferromagnetic spin-1 bosons in a concatenated optical superlattice. Our numerical simulations show that the generation efficiency of a sixteen-body singlet state is as high as 90% under the current experimental conditions. The evolution of the SAM protocol can be witnessed conveniently by the generalized spin squeezing parameter, which exhibits large amplitude odd-even oscillations. The generated manybody spin singlet states provide a stepstone to reach the quantum limit gradient magnetometer with spin-1 bosons and to solve the famous problems in quantum information science [7, 15] . The many-body spin singlet state, |N, S = 0, M S = 0 , is consisted of N particles with total angular momentum quantum number S = 0. For a two-body singlet state, the |2, S = 0, M S = 0 can be theoretically produced by acting the singlet pair operatorÂ 
with the amplitudes A k obeying the following recursion relation
As an example, the four-body singlet state is 
